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We investigate the possibility of localizing various matter ﬁelds on the double walls. For spin 0 scalar
ﬁeld, massless zero mode can be normalized on the double walls. However, for spin 1 vector ﬁeld,
the zero mode is not localized on the double walls. In the paper [C.A.S. Almeida, M.M. Ferreira Jr.,
A.R. Gomes, R. Casana, arXiv:0901.3543 [hep-th]], the authors investigated fermion localization on a Bloch
brane, especially, they found fermion resonances on the Bloch brane for both chiralities and related their
appearance to branes with internal structure. Inspired by their work, for spin 1/2 spinor ﬁeld, we focus
our attention mainly on the fermion resonances, and also found fermion resonances for both left-handed
fermions and right-handed ones on the double walls, which further supports the arguments presented in
the paper [C.A.S. Almeida, M.M. Ferreira Jr., A.R. Gomes, R. Casana, arXiv:0901.3543 [hep-th]].
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
In recently years, domain walls have received a renewed atten-
tion from the physical community after it was pointed out that
4-dimensional gravity can be realized on a thin wall connecting
two slices of AdS space [1]. The thin wall construction of Ref. [1]
has the disadvantage that the curvature is singular at the location
of the wall. This problem can be avoided by coupling gravity to a
scalar ﬁeld. By choosing a suitable potential for the scalar, smooth
domain wall (thick domain wall) solutions have been generated
in [2,3]. These regularized Randull–Sundrum (RS) walls are in fact
particular cases of the more general thick walls – the so-called
double walls found in [4]. In the double walls case, the energy
density is not peaked around a certain value of the bulk coor-
dinate, but has a double peak instead, representing two parallel
walls, or more exactly, a wall with some non-trivial internal struc-
ture. It was shown that these double walls can conﬁne gravity [5].
(Similar double walls were found in [6,7] and shown to trap grav-
ity too.)
In the brane world scenarios, an interesting issue is how dif-
ferent observable matter ﬁelds of the Standard Model of particle
physics are localized on the brane [8–28]. Recently, the authors of
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Open access under CC BY license. Ref. [29] investigated fermion localization on a Bloch brane, espe-
cially, they found resonances on the Bloch brane for both chiralities
and related their appearance to the fact that the brane has inter-
nal structure. One question, which naturally arises, is whether or
not fermion resonances are also found on other brane models with
internal structure? In this Letter, we investigate the issue local-
ization of various matter ﬁelds on the double walls with internal
structure constructed in [4], in particular, we focus our attention
mainly on the fermion resonances on the double walls. The Letter
is organized as follows: In Section 2, we give a quick review of the
double wall solution. In Section 3, we discuss localization of vari-
ous different spin ﬁelds on the double walls, we mainly investigate
fermion resonances on the double walls numerically. Our summary
is presented in Section 4.
2. Review of the double wall solution
Consider the action of Einstein’s gravity theory interacting with
a real scalar ﬁeld
S =
∫
d4xdz
√−g
[
−1
2
R + 1
2
gMN∂Mφ∂Nφ − V (φ)
]
, (1)
where g = det(gMN ), det(gMN ) is the metric tensor components
with signature (+,−,−,−,−). Capital Latin indices M,N, . . . run
from 0 to 4, R is its Ricci scalar, φ is a real scalar ﬁeld depending
on only the extra dimension coordinate z, V (φ) is a self-interacting
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generated from this action has the form
RMN − 1
2
gMN = TMN ,
TMN = ∇Mφ∇Nφ − gMN
[
1
2
∇ Sφ∇Sφ + V (φ)
]
,
∇M∇Mφ = dV
dφ
, (2)
where ∇M is the derivative in gMN and TMN is the stress-energy-
tensor. In [4], a solution to (2) was found for the static spacetime
of a domain wall with an internal structure. This double wall solu-
tion is given by
ds25 = e2A(z)
(
ημν dx
μ dxν − dz2),
A(z) = − 1
2s
ln
[
1+ (αz)2s], (3)
where ημν is the 4-dimensional Minkowski metric, Greek indices
μ,ν, . . . run from 0 to 3, α is a real constant and
φ = φ0 arctan
(
αszs
)
, φ0 =
√
3(2s − 1)
s
, (4)
with a potential
V (φ) + Λ = 3α2 sin(φ/φ0)2−2/s
[
2s + 3
2
cos2(φ/φ0) − 2
]
, (5)
where Λ = −6α2 is the AdS5 cosmological constant. See [4,5,19]
for details.
For s = 1 this solution reduces to the regularized of the version
of RS thin brane [2,3], while for odd s > 1 the energy density is
peaked around two values, these walls interpolate between anti-de
Sitter asymptotic vacua with Λ = −6α2. The wall is in this sense
considered a double wall. Thus, our discussion is conﬁned to the
case that s is an odd integer and s > 1.
3. Localization of various matters
In this section, we study whether various bulk ﬁelds with spin
ranging from 0 to 1 can be localized on the double walls by means
of only the gravitational interaction.
3.1. Spin 0 scalar ﬁeld
In this section we study localization of a real scalar ﬁeld on
the double walls described in previous section. Let us consider the
action of a massless real scalar coupled to gravity:
S0 = 1
2
∫
d5x
√−ggMN∂MΦ∂NΦ, (6)
from which the equation of motion can be derived:
1√−g ∂M
(√−ggMN∂NΦ)= 0. (7)
By considering (3) the equation of motion (7) becomes[
∂2z + 3(∂z A)∂z − ημν∂μ∂ν
]
Φ = 0. (8)
The separation of variable is taken as
Φ(x, z) =
∑
n
φn(x)χn(z), (9)
and demanding φn(x) satisﬁes the 4-dimensional massive Klein–
Gordon equationFig. 1. The dashed line and solid one for the potential (15) and the zero mode (16),
respectively. The parameters are set to α = 1 and s = 3.
ημν∂μ∂νφn(x) = −m2nφn(x), (10)
we obtain the equation for χn(z)[
∂2z + 3(∂z A)∂z +m2n
]
χn(z) = 0. (11)
The 5-dimensional action (6) reduces to the 4-dimensional action
for massive scalars, when integrated over the extra dimension un-
der (11) is satisﬁed and the following orthonormality condition is
obeyed
+∞∫
−∞
dz e3Aχm(z)χn(z) = δmn. (12)
By deﬁning χ˜n(z) = e 32 Aχn(z), we get the Schrödinger-like equa-
tion[−∂2z + V (z)]χ˜n(z) =m2nχ˜n(z), (13)
where mn is the mass of the Kaluza–Klein excitation and the
Schrödinger-like potential is given by
V (z) = 3
2
∂2z A +
9
4
(∂z A)
2. (14)
The potential only depends on the warp factor exponent A. For the
double walls described in previous section, the potential is reduced
to
V (z) = α
2[15(αz)4s−2 − 6(2s − 1)(αz)2s−2]
4[1+ (αz)2s]2 . (15)
For the zero mode (m20 = 0), the corresponding wave function takes
the form
χ˜0(z) = N0[1+ (αz)2s]3/4s , (16)
where N0 is a normalization constant. In addition, since this po-
tential has the asymptotic behavior: V (z = ±∞) = 0, there exists
a continuum of states that asymptote to plane waves as z → ∞.
The shape of the potential (15) and the zero mode (16) are shown
in Fig. 1 for the case α = 1 and s = 3.
3.2. Spin 1 vector ﬁeld
Let us start with the action of U (1) vector ﬁeld:
S1 = −1
4
∫
d5x
√−ggMN gRS FMR FNS , (17)
where FMN = ∂M AN − ∂N AM as usual. From this action the equa-
tion motion is given by
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(√−ggMN gRS FNS)= 0. (18)
By considering (3), this equation of motion (18) is reduced to
ημν∂μFν4 = 0, (19)
∂μFμν + (∂z + ∂z A)Fν4 = 0. (20)
By using the deﬁnition Fμν = ∂μAν − ∂ν Aμ , choosing the gauge
A4 = 0 [30], and decomposing the vector ﬁeld as follows:
Aμ(x, z) = Σna(n)μ ρn(z), (21)
(19) reduces to
∂μa(n)μ ρn(z) = 0. (22)
Choosing Lorentz gauge ∂μa(n)μ = 0, obviously, which guarantees
the validity of (22). Using Proca equation
∂μ f (n)μν ≡ ∂μa(n)ν − ∂νa(n)μ = −m2na(n)ν , (23)
from (20) we get[
∂2z + (∂z A)∂z +m2n
]
ρn(z) = 0. (24)
We assume that Aμ are Z2-even and using A4 = 0 [30], the 5-
dimensional action (17) reduces to the 4-dimensional action for
massive vectors, when integrated over the extra dimension un-
der (24) is satisﬁed and the following orthonormality condition is
obeyed
+∞∫
−∞
dz eAρm(z)ρn(z) = δmn. (25)
By deﬁning ρ˜n = eA/2ρn , we get the Schrödinger-like equation for
the vector ﬁeld[−∂2z + V (z)]ρ˜n(z) =m2nρ˜n(z), (26)
where the potential V (z) is given by
V (z) = 1
2
∂2z A +
1
4
(∂z A)
2. (27)
For the double wall solution described in previous section, the po-
tential (27) is reduced to
V (z) = α
2[3(αz)4s−2 − 2(2s − 1)(αz)2s−2]
4[1+ (αz)2s]2 . (28)
The vector zero mode is determined analytically as
ρ˜1(z) ∼
[
1+ (αz)2s]−1/4s. (29)
Since the integral of ρ˜21 (z) is not convergent on (−∞,+∞), the
vector zero mode is non-normalized, i.e., we cannot obtain nor-
malizable vector zero mode on the double walls.
3.3. Spin 1/2 spinor ﬁeld
Now we are ready to consider spin 1/2 fermion. We introduce
the vielbein EM¯M (and its inverse E
M
M¯
) through the usual deﬁnition
gMN = EM¯M EN¯NηM¯ N¯ , where M¯, N¯, . . . , denote the local Lorentz in-
dices. We have Γ M = (e−Aγ μ,−ie−Aγ 5) from the formula Γ M =
EM
M¯
Γ M¯ where Γ M and Γ M¯ being the curved gamma matrices and
the ﬂat gamma ones, respectively. And the usual Clifford algebra{Γ M ,Γ N } = 2gMN is obeyed. Our starting action is the Dirac ac-
tion of a massless spin 1/2 fermion coupled to gravity and scalar
[14,16,18,21–24,26–28]
S1/2 =
∫
d5x
√−g[Ψ¯ iΓ MDMΨ − ηΨ¯ F (ω)Ψ ]. (30)
From which the equation of motion is given by[
iΓ MDM − ηF (ω)
]
Ψ = 0, (31)
where DM = (∂M + ωM) = ∂M + 14ωM¯N¯M ΓM¯ΓN¯ is the covariant
derivative, where the spin connection ωM¯N¯M is deﬁned as
ωM¯ N¯M =
1
2
ENM¯
(
∂ME
N¯
N − ∂N EN¯M
)
− 1
2
ENN¯
(
∂ME
M¯
N − ∂N EM¯M
)
− 1
2
E P M¯ E Q N¯ (∂P EQ R¯ − ∂Q E P R¯)E R¯M . (32)
The non-vanishing components of ωM are
ωμ = − i
2
(∂z A)γμγ5. (33)
And the Dirac equation (31) becomes[
iγ μ∂μ + γ 5(∂z + 2∂z A) − ηeA F (ω)
]
Ψ = 0. (34)
Since this equation involves the matrix γ5, it is convenient to split
the full 5-dimensional spinor in the general chiral decomposition
Ψ (x, z) =
∑
n
ψLn(x)αLn(z) +
∑
n
ψRn(x)αRn(z), (35)
with γ 5ψLn(x) = −ψLn(x) and γ 5ψRn(x) = ψRn(x), where ψLn(x)
and ψRn(x) are the left-handed and the right-handed compo-
nents of a 4-dimensional Dirac ﬁeld, respectively. Let us assume
that ψLn and ψRn satisfy 4-dimensional massive Dirac equations
iγ μ∂μψLn(x) = mnψRn(x) and iγ μ∂μψRn(x) = mnψLn(x). Then we
obtain the following coupled eigenvalue equations[
∂z + 2∂z A + ηeA F (φ)
]
αLn =mnαRn, (36)[
∂z + 2∂z A − ηeA F (φ)
]
αRn = −mnαLn. (37)
The full 5-dimensional action (30) then reduces to the standard 4-
dimensional action for the massive chiral fermions (with mass mn),
provided the above (36) and (37) are satisﬁed by the bulk fermions
and the following orthonormality conditions are obeyed:
+∞∫
−∞
e4AαLnαRn dz = δLmδRn. (38)
By deﬁning α˜L(R)n = e2AαL(R)n , we get the Schrödinger-like equa-
tions for left and right chiral fermions[−∂2z + V L(z)]α˜Ln =m2nα˜Ln, (39)[−∂2z + V R(z)]α˜Rn =m2nα˜Rn, (40)
with
V L(z) = e2Aη2F 2(ω) − eAη∂z F (ω)
− (∂z A)eAηF (ω), (41)
V R(z) = e2Aη2F 2(ω) + eAη∂z F (ω)
+ (∂z A)eAηF (ω). (42)
J. Liang, Y.-S. Duan / Physics Letters B 681 (2009) 172–178 175Fig. 2. The potentials (43) (left panel) and (44) (right panel). The parameters are set to η = 1, α = 1 and s = 3.It can be seen clearly that, for localization of left (right) chiral
fermions, there must be some kind of Yukawa coupling since both
the potentials for left and right chiral fermions are vanish in the
case of no coupling (η = 0). For simplicity, in this Letter we only
take the simplest Yukawa coupling F (φ) = φ for example.
For this type of coupling, the potentials for left chiral fermions
(41) and right chiral fermions (42) are reduced to
V L(z) = η
23(2s − 1)[arctan(αszs)]2
s2[1+ (αz)2s]1/s
− η
√
3(2s − 1)αszs−1[s − αszs arctan(αszs)]
s[1+ (αz)2s]1+1/2s , (43)
and
V R(z) = η
23(2s − 1)[arctan(αszs)]2
s2[1+ (αz)2s]1/s
+ η
√
3(2s − 1)αszs−1[s − αszs arctan(αszs)]
s[1+ (αz)2s]1+1/2s . (44)
They are shown in Fig. 2 for the case η = 1, α = 1 and s = 3.
After some calculations, one can obtain that the potential (43)
could trap a left chiral fermion zero mode solved in (36) by setting
m0 = 0
αL0(z) ∝ exp
[
−2A − η
z∫
dz′ eA(z′)φ(z′)
]
(45)
when η > 4α
π
√
3
s√
2s−1 [19].
Since the potential (44) is always positive in the region between
the walls, which does not allows the existence of bound fermions
with right chirality. However, the appearance of a potential well
in the region between the walls could be related to resonance of
massive fermions on the double walls. In order to look for resonant
effects, we will follow [29] to investigate the massive modes by
solving the Schrödinger-like equation (40) numerically.
3.3.1. Right-handed fermions
Solving numerically the second order differential equation (40),
we need two initial conditions. We impose the conditions R(0) = 1
and R ′(0) = 0 [29]. (In order to make the notation easier, from
now on, we use L for α˜Ln and R for α˜Rn .) The condition R(0) = 1
is arbitrary and will be ﬁxed after the normalization process. The
plots of the potential (44) for right-handed fermions with different
parameters η, s and α are shown in Fig. 3, Fig. 4 and Fig. 5.
Let us take the case of right-handed fermions with η = 6, s = 3
and α = 3 for an example. In Fig. 6 we show typical massive
fermionic modes with different m2 before normalization. These
plots suggest that there exists a resonant state at m2 = 23.09.Fig. 3. The potentials for right-handed fermions. The parameters are set to η = 5,
s = 3 and α = 2 (solid line), 3 (dashed line).
Fig. 4. The potentials for right-handed fermions. The parameters are set to η = 5
(dashed line), 6 (solid line), s = 3 and α = 3.
Fig. 5. The potentials for right-handed fermions. The parameters are set to η = 6,
s = 3 (solid line), 7 (dashed line) and α = 3.
Due to the fact that (40) can be rewritten as O†ROR = m2R(z)
[29], we can interpret |Rm(0)|2 as the probability for ﬁnding the
massive modes on the double walls, large peaks in the distribution
of R(0) as function of m would reveal the existence of resonant
states. In order to estimate of Rm(0) better, it is needed to consider
the normalization of the massive modes. We consider a normaliza-
176 J. Liang, Y.-S. Duan / Physics Letters B 681 (2009) 172–178Fig. 6. Non-normalized massive right-handed fermionic modes for η = 6, s = 3 and α = 3 with (a) m2 = 5, (b) m2 = 22, (c) m2 = 23.09 and (d) m2 = 35.
Fig. 7. (a) Normalized squared wave function for right-handed fermion |Rm(0)|2 as function of m2. (b) Normalized squared wave function for right-handed fermion |Rm(0)|2
as function of m. The parameters are set η = 6, s = 3 and α = 3.
Table 1
The mass, the width at half maximum and lifetime for resonances of right-handed fermion.
η = 5, s = 3, α = 2 η = 5, s = 3, α = 3 η = 6, s = 3, α = 3 η = 6, s = 7, α = 3
m2 12.22 19.66 23.09 15.30
m 3.50 4.43 4.81 3.91
Γ 0.0086 0.16 0.057 0.15
τ 117 6 18 7tion procedure for the wave functions Rm(z) in a box with borders
located far from the turning point [29], where the solutions have
characteristics of plane waves toward the double walls. We choose
a box with −100 < z < 100 used for normalization, the results are
shown in Fig. 7.
From Fig. 7, a peak around m2 = 23.09 (m = 4.81) character-
izes the occurrence of a resonance on the double walls. We can
estimate the life-time τ for the resonance from the width at half
maximum of the peak appearing in this ﬁgure. The width at half
maximum is Γ = m = 0.057, resulting in a lifetime τ = 18. We
also repeat our analysis for other values of parameters η, s and α
to investigate the effects of these parameters on the right-handed
fermion resonances, the results are listed in Table 1.
Firstly, from Table 1, by comparing the results for the case
η = 5, s = 3, α = 2 with those for the case η = 5, s = 3, α = 3,we ﬁnd that larger values of α (with the other parameters kept
ﬁxed) result in resonances with smaller lifetimes. This result can
be explained if one notes that increasing s has the effect of mak-
ing each of the walls thinner from Fig. 3, which would increase the
tunneling probability of fermions escaping. In addition, the larger
value of α results in a larger value of the mass for the resonant
state, which show that the deeper is the potential well, the higher
is the mass of the resonant mode (see Fig. 3).
Secondly, by comparing the results for the case η = 5, s = 3,
α = 3 with those for the case η = 6, s = 3, α = 3, we ﬁnd that
stronger Yukawa coupling (with the other parameters kept ﬁxed)
results in resonances with larger lifetimes. This result can be ex-
plained as follows: strengthening Yukawa coupling has the effect
of making each of the walls thicker from Fig. 4, which would de-
crease the tunneling probability of fermions escaping.
J. Liang, Y.-S. Duan / Physics Letters B 681 (2009) 172–178 177Fig. 8. Non-normalized massive left-handed fermionic modes for η = 8, s = 5 and α = 2 with (a) m2 = 10, (b) m2 = 39.5, (c) m2 = 40.27 and (d) m2 = 41.5.
Fig. 9. (a) Normalized squared wave function for left-handed fermion |Rm(0)|2 as function of m2. (b) Normalized squared wave function for left-handed fermion |Rm(0)|2 as
function of m. The parameters are set η = 8, s = 5 and α = 2.Finally, from Table 1, by comparing the results for the case
η = 6, s = 3, α = 3 with those for the case η = 6, s = 7, α = 3, we
ﬁnd that for the same parameters η and α, but different values
of s, larger values of s result in resonances with smaller lifetimes.
This result can be understood because increasing s has also the
effect of making each of the walls thinner from Fig. 5, as a con-
sequence, the tunneling probability of fermions escaping would
increase.
3.3.2. Left-handed fermions
For left-handed fermions, we repeat the analysis from Sec-
tion 3.3.1, and also ﬁnd resonances. In Fig. 8, we show the left-
handed fermionic modes before normalization for η = 8, s = 5,
α = 2 as an example.
We ﬁnd that the peak of resonance locates at m2 = 40.27
(m = 6.35), the width at half maximum is Γ = 0.023, resulting
in a lifetime τ = 44 (see Fig. 9).
The effects of parameters η, α and s on the left-handed fermion
resonances are similar to those on the right-handed fermion res-
onances. However, for left-handed fermions there are differences
with respect to what obtained for right-handed ones. For exam-ple, for the case η = 5, s = 3, α = 2, the resonance peak around
m = 5.79, with Γ = 0.59, corresponding to a life-time less than
τ = 2. When comparing with corresponding results for right-
handed fermions (m = 3.50, Γ = 0.0086 and τ = 117), we see
that the resonance for left-handed is more massive and less sta-
ble. (Even the resonance for left-handed fermion is too unstable to
appear on the double walls at all.) This shows that it is impossible,
in this model, to compose a Dirac fermion from the left and right
states. Our conclusion is the same as that one of [29].
We only discuss the case for positive η above, for the case of
negative η, the discussion is similar. We just point out that things
are the opposite for left-handed and right-handed fermions.
4. Summary
In summary, we investigate the possibility of localizing vari-
ous matter ﬁeld on the double walls. For spin 0 scalar ﬁeld, as
in the case of gravity [5], namely, the massless zero mode can
be normalized on the double walls. However, the zero mode for
spin 1 vector ﬁeld is non-normalized. Thus, vector ﬁeld cannot be
localized on the double walls considered in this Letter. For spin
178 J. Liang, Y.-S. Duan / Physics Letters B 681 (2009) 172–1781/2 spinor ﬁeld, it is shown that, for the case of no Yukawa-
type coupling, there is no existence of spinor ﬁeld which can
be trapped on the brane. In order to localize the left or right
fermionic zero mode, some type of Yukawa coupling must be in-
cluded. We consider the simplest Yukawa coupling, and focus our
attention on the fermion resonances in particular. Fermion reso-
nances are found for both right-handed fermions and left-handed
ones on the double walls. We discuss the effects of the parame-
ters of the double walls α and s, as well as the strength parameter
of the Yukawa coupling η on fermion resonances on the double
walls.
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